Abstract. We say that a C * -algebra X has the approximate n-th root property (n ≥ 2) if for every a ∈ X with a ≤ 1 and every ε > 0 there exits b ∈ X such that b ≤ 1 and a − b n < ε. Some properties of commutative and non-commutative C * -algebras having the approximate nth root property are investigated. In particular, it is shown that there exists a non-commutative (resp., commutative) separable unital C * -algebra X such that any other (commutative) separable unital C * -algebra is a quotient of X. Also we illustrate a commutative C * -algebra, each element of which has a square root such that its maximal ideal space has infinitely generated firsť Cech cohomology.
Introduction
All topological spaces in this paper are assumed to be (at least) completely regular. A compact Hausdorff space is called a compatum for simplicity. By C * -algebra and homomorphisms between C * -algebras, we mean unital C * -algebras and unital * -homomorphisms. For a space X and an integer n ≥ 2, we consider the following conditions ( · denotes the supremum norm): Theorem 1.1. Let X be a compactum with dim X ≤ 1 and n a positive integer. Then the following conditions are equivalent:
(1) C(X) has the approximate n-th root property.
(2) X satisfies condition ( * * ) n . (3) the firstČech cohomologyȞ 1 (X; Z) is n-divisible, that is, each element ofȞ 1 (X; Z) is divided by n.
Let A(n) denote the class of all completely regular spaces satisfying condition ( * ) n and A 1 (n) is the subclass of A(n) consisting of spaces X with dim X ≤ 1. Let also H(n) denote the class of all compacta X withȞ 1 (X; Z) being ndivisible.
In Section 2 we investigate some properties of the classes A(n), A 1 (n) and H(n). In particular, the following theorem is established: Theorem 1.2. Let n be a positive integer and let K denote one of the classes A(n), A 1 (n) or H(n). Then, for every cardinal τ ≥ ω, there exists a compactum X τ ∈ K of weight ≤ τ and a K-invertible map f K : X τ → I τ .
Here, a map h : X → Y is said to be invertible for the class K (or simply, Kinvertible) if for every map g : Z → Y with Z ∈ K there exists a map g : Z → X such that g = h • g. Theorem 1.2 implies the next corollary.
Corollary 1.3. Let n be a positive integer and let K be one of the classes A(n), A 1 (n) or H(n). Then, for every τ ≥ ω, there exists a compactum X ∈ K of weight τ which contains every space from K of weight ≤ τ .
It is easily seen that the modification of condition ( * ) n , obtained by requiring both f and g to be of norm ≤ 1, is equivalent to ( * ) n . This observation leads us to consider the following classes of general (non-commutative) C * -algebras. We say that a C * -algebra X satisfies the approximation n-th root property if for every a ∈ X with a ≤ 1 and every ε > 0 there exists b ∈ X such that b ≤ 1 and a − b n < ε. The class of all C * -algebras with the approximate n-th root property is denoted by AP(n). Let AP 1 (n) be the subclass of AP(n) consisting of C * -algebras of bounded rank ≤ 1 (recall that bounded rank of C * -algebras is a non-commutative analogue of the covering dimension dim, see [5] ). We also consider the class HP(n) of C * -algebras X with the following property: for every invertible element a ∈ X with a ≤ 1 and every ε > 0 there exists b ∈ X such that b ≤ 1 and a − b n < ε.
for any homomorphism g : X → Z with Z ∈ ℜ, there exists a homomorphism
We also introduce the notion of a universal C * -algebra for a given class ℜ as a C * -algebra Y ∈ ℜ such that any other C * -algebra from ℜ is a quotient of Y . Section 3 is devoted to the classes AP(n), AP 1 (n) and HP(n). The results of this section can be considered as non-commutative counterparts of the results from Section 2. For example, Theorem 1.4 below is a non-commutative version of Theorem 1.2. Theorem 1.4. Let n be a positive integer and let K be one of the classes AP(n), AP 1 (n) and HP(n). Then there exists a K-invertible unital * -homomorphism p :
is the group C * -algebra of the free group on countable number of generators.
It is well-known that every separable C * -algebra is a surjective image of C * (F ∞ ). Therefore, if ℜ is a class of separable C * -algebras and p : C * (F ∞ ) → Y ℜ is a ℜ-invertible homomorphism with Y ℜ ∈ ℜ, then Y ℜ is universal for the class ℜ. Hence, Theorem 1.4 implies that each of the classes AP(n) s , AP 1 (n) s and HP(n) s has a universal element.
Let us note that there exists a non-commutative separable C * -algebra which belongs to any one of the classes AP(n), AP 1 (n) and HP(n). Indeed, let X = M(m) be the algebra of all m × m complex matrixes, where m ≥ 2 is a fixed integer. By [1] , the bounded rank of X is 0. Moreover, using the canonical Jordan form representation, one can show that if A ∈ X and n ≥ 2, then A can be approximated by a matrix B ∈ X with C n = B for some C ∈ X. Hence, X is a common element of AP(n), AP 1 (n) and HP(n). This implies that the universal elements of AP(n) s , AP 1 (n) s and HP(n) s are also non-commutative. Section 4 deals with square root closed compacta, compacta X such that, for every f ∈ C(X), there is g ∈ C(X) with f = g 2 . It is known that if X is a firstcountable connected compactum, then X is square-root closed if and only if X is locally connected, dim X ≤ 1 andȞ 1 (X; Z) is trivial, see [6] , [8] , [10] and [12] . A topological characterization of general square root closed compacta has not been known. Here we show that a square root closed compactum X with dim X ≤ 2, constructed based on the idea of B. Cole ( [13] , Chap.3, section 19) and M.I. Karahanjan [9] has infinitely generated firstČech cohomologyȞ 1 (X; Z). This space X is the limit space of an inverse system X α , π β α : α < ω 1 starting with the unit disk in the plane and such that each map π β α : X β → X α is invertible with respect to the class of square root closed compacta. A similar construction yields a one-dimensional such compactum. This illustrates that the topological characterization of (not necessarily first countable) square root closed compacta would be rather different than the one for first-countable compacta mentioned above. Also, the invertibility π β α : X β → X α allows us to obtain a universal element for the class of square root closed compacta with arbitrarily fixed weight.
2. Some properties of the classes A(n), A 1 (n) and H(n) Lemma 2.1. For a compactum X, the following conditions are equivalent:
(1) For any f : X → S 1 and any ε > 0 there exists g :
Proof. When ε = 0 in (1), this equivalence was established by Kawamura-Miura in [10, Lemma 3.1]. Their arguments remain also valid in the present situation because any two sufficiently close functions from X into S 1 are homotopic.
Lemma 2.2. Let X be the limit space of an inverse system {X α , p β α : α, β ∈ A} of compacta. Then, for every f ∈ C(X) and every ε > 0, there exists α ∈ A and g ∈ C(X α ) such that g • p α is ε-close to f , where
Proof. We take a finite cover ω of f (X) consisting of open and convex subsets of C each of diameter < ε. Since X is compact, we can find α and an open cover γ = {U j : j = 1, .., m} of X α such that p −1 α (γ) is a star-refinement of the cover f −1 (ω). Without loss of generality, we can assume that each U j is functionally open in X α , i.e., U j = h h j (y)f (x j ). When f ∈ C(X, S 1 ) and ε is sufficiently small, g(X α ) ⊂ C\{0} and, by considering the composition of g and the usual retraction r : C\{0} → S 1 , we can assume g ∈ C(X α , S 1 ).
Corollary 2.3. Let K be one of the classes A(n), A 1 (n) and H(n). If X is the limit space of an inverse system {X α , p β α : α, β ∈ A} of compacta with each
Proof. This is a direct application of Lemma 2.2 for the class A(n). Since the limit space of any inverse system of at most one dimensional compacta is of dimension ≤ 1, the validity of our corollary for A(n) yields its validity for A 1 (n). Finally, Lemma 2.1 and Lemma 2.2 settle the proof for the class H(n).
We say that a class of spaces K is factorizable if, for every map f : X → Y of a compactum X ∈ K, there exists a compactum Z ∈ K of weight w(Z) ≤ w(Y ) and maps π :
Proof. We consider first the class H(n). Fix a map f : X → Y of a compactum X ∈ H(n) and assume w(Y ) ≤ τ . Obviously, we can assume X is of weight w(X) > τ and Y is compact. By induction, we construct sequences of compacta
The weight of the function space
contains a dense subset M 0 of cardinality ≤ τ , separating points of Y . Suppose the spaces X i , the sets M i and the maps π i , p (1)), π k+1 is an embedding and hence every g(h, r) can be represented as
+ and also separating points of X k+1 . Obviously, X k+1 , M k+1 and π k+1 satisfy conditions (1) and (2). Let Z be the limit of the inverse sequence {X k , p k+1 k : k = 1, 2..}, p : Z → Y the first limit projection and π : X → Z the limit of the maps π k . Also let p k : Z → X k be the k-th limit projection. By Lemma 2.2, for every h ∈ C(Z, S 1 ) and every ε > 0, there exists m and g m :
The same arguments remain valid when the class H(n) is replaced by A(n). The only difference is that we have to consider the function spaces C(X k ) instead of C(X k , S 1 ). For the class A 1 (n) we need the following modifications: all M k , k ≥ 0, are dense subsets of C(X k ) of cardinality |M k | ≤ τ satisfying conditions (1) and (2), where the compactum X k is of dimension ≤ 1 for each k ≥ 1. It suffices to demonstrate the construction of X 1 and M 1 . Using the above notations, take the diagonal product q 1 : X → Y × C M 0 ×Q + × C M 0 of π 0 = f and all maps g(h, r) and h • π 0 , where h ∈ M 0 and r ∈ Q + . Let also Z 1 = q 1 (X) and q 0 : Z 1 → Y be the natural projection. Then, w(Z 1 ) ≤ τ and, by the Mardešič factorization theorem [11] , there exists a compactum X 1 of weight ≤ τ and dim X 1 ≤ 1, and maps π 1 : X → X 1 and q 2 :
Obviously, every g(h, r) can be represented as g 1 (h, r)•π 1 with g 1 (h, r) ∈ C(X 1 ). We denote p 1 0 = q 0 •q 2 and choose a dense subset M 1 ⊂ C(X 1 ) such that |M 1 | ≤ τ and M 1 contains every g 1 (h, r) with h ∈ M 0 and r ∈ Q + , and separates points of X 1 . In this way we obtain the spaces X k with dim X k ≤ 1. The last inequalities imply that the limit space Z is also of dimension ≤ 1. Moreover, by Lemma 2.2, Z satisfies ( * ) n , so Z ∈ A 1 (n).
Corollary 2.5. Let K be one of the classes A(n) and A 1 (n). Then every space X ∈ K has a compactification Z ∈ K with w(Z) = w(X).
Proof. Obviously, X ∈ K implies βX ∈ K. Let Y be an arbitrary compactification of X with w(Y ) = w(X) and let f : βX → Y the extension of the identity on X. Then, by Proposition 2.4, there exists a compactum Z ∈ K and maps g : βX → Z and h : Z → Y with h • g = f and w(Z) = w(X). It remains only to observe that Z is a compactification of X. Proposition 2.6. Let K be one of the classes A(n), A 1 (n) and H(n). Then every compactum X ∈ K can be represented as the limit space of an ω-spectrum {X α , p β α : α, β ∈ A} of metrizable compacta with each X α ∈ K.
Proof. Because of similarity of the arguments, we consider only the class A(n). First, represent X as the limit space of an ω-spectrum {X α , p β α : α, β ∈ Λ} and introduce the relation L on Λ 2 consisting of all (α, β) ∈ Λ 2 such that α ≤ β and for each f ∈ C(X α ) and ε > 0 there is g ∈ C(X β ) with f • p β α − g n < ε. The relation L has the following properties: (i) for every α ∈ Λ there exists β ∈ Λ with (α, β) ∈ L:
Indeed, to show (i), we take a countable dense subset M α ⊂ C(X α ) and, as in Proposition 2.4, for every h ∈ M α and r ∈ Q + choose g(h, r) ∈ C(X) with h • p α − g(h, r) n < r. Notice that, for each f ∈ C(X), there is a γ ∈ Λ and ϕ ∈ C(X γ ) such that f = ϕ • p γ . Applying this to g(h, r), we can find β ∈ Λ, β > α, such that for each (h, r) ∈ M α × Q + , we have g(h, r) = g β (h, r) • p β , where g β (h, r) ∈ C(X β ). Then (α, β) ∈ L. Property (ii) follows directly and (iii) follows from Lemma 2.2 and the fact that X α is the limit space of the inverse sequence generated by X α k and the projections p α k+1
By [2, Proposition 1.1.29], the set A = {α ∈ Λ : (α, α) ∈ L} is cofinal and ω-closed in Λ. Obviously, X α ∈ A(n) for each α ∈ A and X is the limit of the inverse system {X α , p β α : α, β ∈ A}.
Proof of Theorem 1.2. We consider the family of all maps {h α :
C
* -algebras with the approximate n-th root property
In this Section we investigate the behavior of the classes AP(n), AP 1 (n) and HP(n) with respect to direct systems and then use the result to prove the existence of universal elements in the classes AP(n) s , AP 1 (n) s and HP(n) s .
When we refer to a unital C * -subalgebra of a unital C * -algebra we always assume that the inclusion is a unital * -homomorphism. The product in the category of (unital) C * -algebras, i.e. the ℓ ∞ -direct sum, is denoted by {X t : t ∈ T }. For a given set Y and a cardinal number τ , the symbol exp τ Y denotes the partially ordered (by inclusion) set of all subsets of Y of cardinality not exceeding τ .
Recall that a direct system S = {X α , i β α , A} of unital C * -algebras consists of a partially ordered directed indexing set A, unital C * -algebras X α , α ∈ A, and unital * -homomorphisms i β α : X α → X β , defined for each pair of indexes α, β ∈ A with α ≤ β, and satisfying the condition i γ α = i γ β • i β α for each triple of indexes α, β, γ ∈ A with α ≤ β ≤ γ. The (inductive) limit of the above direct system is a unital C * -algebra which is denoted by lim − → S. For each α ∈ A there exists a unital * -homomorphism i α : X α → lim − → S which will be called the α-th limit homomorphism of S.
If A ′ is a directed subset of the indexing set A, then the subsystem {X α , i β α , A ′ } of S is denoted S|A ′ . Let τ ≥ ω be a cardinal number. A direct system S = {X α , i β α , A} of unital C * -algebras X α and unital * -homomorphisms i [3] if the following conditions are satisfied:
(a) A is a τ -complete set, that is, for each chain C of elements of the directed set A with |C| ≤ τ , there exists an element sup C in A. See [2] for details.
(b) The density d(X α ) of X α is at most τ , for each α ∈ A.
(c) The α-th limit homomorphism i α : X α → lim − → S is an injective * -homomorphism for each α ∈ A. (d) If B = {α t : t ∈ T } is a chain of elements of A with |T | ≤ τ and α = sup B, then the limit homomorphism lim − → {i α αt : t ∈ T } : lim − → (S|B) → X α is an isomorphism.
Proposition 3.1 (Proposition 3.2, [3]). Let τ be an infinite cardinal number. Every unital C
* -algebra X can be represented as the limit of a direct C * τ -system S X = {X α , i 
Lemma 3.2 (Lemma 3.3, [3]). If
The next proposition is a non-commutative version of Corollary 2.3 Proposition 3.3. Let K be one of the classes AP(n), AP 1 (n) and HP(n). If X is the limit of a direct system S = {X α , i β α , A} consisting of unital C * -algebras and unital * -inclusions with X α ∈ K for each α, then X ∈ K.
Proof. We consider first the case K = AP(n). Let a ∈ X with a ≤ 1 and ε > 0. Since {X α : α ∈ A} is dense in X (we identify each i α (X α ) with X α ), there exist α and y ∈ X α with a − y < ε 4 . Then, y < a + ε 4 ≤ 1 + ε 4 , so y 1 + ε/4 < 1. Since X α ∈ AP(n), there is b ∈ X α with y
X ∈ AP(n). The above arguments work also for the class HP(n) because of the fact that the set of invertible elements of a C * -algebra is open. Indeed, for an invertible element a of X, the above fact allows us to choose y in the above argument as an invertible element of X. Consequently,
is invertible in X α and, since X α ∈ HP(n), there is b ∈ X α with the required properties. Because the limit of any direct system consisting of C * -algebras with bounded rank ≤ 1 has a bounded rank ≤ 1 [5, Proposition 4.1], the above proof remains valid for the class AP 1 (n).
As in the commutative case (see Proposition 2.6), we can establish a decomposition theorem for the classes AP(n), AP 1 (n) and HP(n).
Proposition 3.4. Let K be one of the classes AP(n), AP 1 (n) and HP(n). The following conditions are equivalent for any unital C * -algebra X:
(1) X ∈ K. 
Proof. A similar statement holds for the class of all C * -algebras of bounded rank ≤ n (see [5, Proposition 4.2] ). So, it suffices to consider the classes AP(n) and HP(n). We suppose K = AP(n). The implication (2) =⇒ (1) follows from Proposition 3.3.
In order to prove the implication (1) =⇒ (2) we first consider a direct C * ω -system S X = {X α , i β α , Λ} with the properties indicated in Proposition 3.1 . Each X α is identified with i α (X α ). We next introduce the following relation L ⊆ A 2 : (α, β) ∈ Λ 2 if and only if α ≤ β and for each x ∈ X α with x ≤ 1 and each ε > 0 there exists y ∈ X β such that y ≤ 1 and x − y n < ε. Let us show that L satisfies the following conditions: (i) for every α ∈ Λ there exists β ∈ Λ with (α, β) ∈ L:
To verify (i), we take α ∈ Λ and a countable set M ⊂ X α which is dense in the unit ball B α = {x ∈ X α : x ≤ 1}. Since X ∈ AP(n), for each x ∈ M and each r ∈ Q + , we may take (and fix) y(x, r) ∈ X with x − y(x, r) n < r and y(x, r) ≤ 1. By Lemma 3.2, every y(x, r) belongs to some X α(x,r) . Since Λ is ω-complete, according to [2, Corollary 1.1.28], there exists β ∈ Λ such that β ≥ α and β ≥ α(x, r) for each x ∈ M and r ∈ Q + . Then, X β contains all y(x, r) and (α, β) ∈ L. Condition (ii) follows directly because β ≤ γ implies X β ⊂ X γ . Let us establish condition (iii). If α is the supremum of the countable chain {α k }, then X α is the direct limit of the direct system generated by the C * -subalgebras X α k , k = 1, 2, .., and the corresponding inclusion homomorphisms. This fact and (
Since L satisfies the conditions (i)-(iii), we can apply [2, Proposition 1.1.29] to conclude that the set A = {α ∈ Λ : (α, α) ∈ L} is cofinal and ω-closed in Λ. Note that (α, α) ∈ L precisely when X α ∈ AP(n). Therefore, we obtain a direct C *
This completes the proof for the class AP(n). The case K = AP(n) is similar.
Proof of Theorem 1.4. Let B = {f t : C * (F ∞ ) → X t : t ∈ T } denote the set of all unital * -homomorphisms on C * (F ∞ ) such that X t ∈ K. We claim that the product {X t : t ∈ T } belongs to K. This is obviously true if K is either AP(n) or HP(n). Since the bounded rank of this product is ≤ 1 provided each X t is of bounded rank ≤ 1 [5, Proposition 3.16], the claim holds for the class AP 1 (n) as well. The * -homomorphisms f t , t ∈ T , define the unital * -homomorphism f : C * (F ∞ ) → {X t : t ∈ T } such that π t • f = f t for each t ∈ T , where π t : {X t : t ∈ T } → X t denotes the canonical projection * -homomorphism onto X t . By Proposition 3.4, {X t : t ∈ T } can be represented as the limit of the C * ω -system S = {C α , i β α , A} such that C α is a separable unital C * -algebra with C α ∈ K for each α ∈ A. Suppressing the injective unital * -homomorphisms i β α : C α → C β , we may assume, for notational simplicity, that C α 's are unital C * -subalgebras of {X t : t ∈ T }. Let {a k : k ∈ ω} be a countable dense subset of C * (F ∞ ). By Lemma 3.2, for each k ∈ ω there exists an index
This observation coupled with the continuity of f guarantees that
By construction, we see
where X is a separable unital C * -algebra with X ∈ K, we need to establish the existence of a unital * -homomorphism h : Z K → X such that g = h • p. Indeed, by definition of the set B, we conclude that g = f t : C * (F ∞ ) → X t = X for some index t ∈ T . Observe that g = f t = π t • f = π t • i • p. This allows us to define the required unital * -homomorphism h : Z K → X as the composition h = π t • i. Hence, p is K-invertible.
Example
In this section, we show that a construction due to B. Cole (cf. [13, Chap.3, section 19] ) and M. Karahanjan [9, Thoerem 5] yields a square root closed compatum X such thatȞ 1 (X; Z) is infinitely generated. In the sequel, we shall omit the coefficient group Z. We will need the following theorem which is a consequence of [7, Theorem 3.2] . Now we outline the construction due to B. Cole. This is based on the exposition in [13, Chapter 3, §19, . Let X be a compactum and define
Note that S X is a closed subset of X × {f (X)|f ∈ C(X)} and hence is a compactum. Also, it is easy to see that S X is a pull-back in the following diagram:
Then π is an open map with zero-dimensional fibers. The critical property of S X and π is the following: ( * ) for any f ∈ C(X) there exists g ∈ C(X) such that
Note that ( * ) implies: ( * * ) π is invertible with respect to the class of square root closed compacta.
Starting with a compactum X 0 , by transfinite induction we define an inverse spectrum {X α , π β α : X β → X α : α ≤ β < ω 1 } as follows. If β = α + 1 then X β = S Xα and π α = π : X β = S Xα → X α is the map defined above. If β is a limit ordinal, then X β = lim
We let X Ω = lim ←− X α . The α-th limit projection is denoted by π α : X Ω → X α .
As the length of the above spectrum is ω 1 , the spectrum is factorizing in the sense that each f ∈ C(X Ω ) is represented as f = f α • π α for some α < ω 1 and f α ∈ C(X α ). since its length is ω 1 . This implies that C(X Ω ) is square root closed due to the property ( * ).
In what follows, the unit disk in the complex plane {z ∈ C : |z| ≤ 1} is denoted by ∆.
is infinitely generated and 2-divisible.
Notice that for each square root closed compactum X,Ȟ 1 (X) is 2-divisible. Hence, in view of the discussion above, we need only to show thatȞ 1 (∆ Ω ) is infinitely generated. To show this, we need the following. Step 1. IfȞ 1 (S ∆ ) is finitely generated thenȞ 1 (S ∆ ) = 0.
Step 2.Ȟ 1 (S ∆ ) = 0.
Now we shall accomplish Steps 1 and 2. 
where
where η g = ξ g•r for all g ∈ C(Y ).
Now we are ready to accomplish Step 1. Let ∆ m = {z ∈ C : |z| ≤ 1 m } ⊂ ∆. Let r n : ∆ n → ∆ n+1 be the radial retraction and i n : ∆ n+1 ֒→ ∆ n be the inclusion. Consider the following sequence of commutative diagrams.
It follows easily form the commutativity of the diagram that lim ←− S ∆n is homeomorphic to the inverse limit of the sequence
1 (S ∆n ) = 0, which is equivalent to the following observation.
Let A n be the annulus defined by A n = {z ∈ C| 1 m+1 ≤ |z| ≤ 1 m }, so that ∆ n = {0} ∪ (∪{A j |j ≥ n}). Let h : ∆ = ∆ 1 → ∆ 2 be the homeomorphism which maps A j to A j+1 (j ≥ 1) by "radial homeomorphisms" and such that h(0) = 0. Then the following diagram is commutative
. Note that h n is a homeomorphism.
Proposition 4.6. The following diagram is commutative.
Proof. For each (x n+1 , (z f ) f ∈C(∆ n+1 ) ) ∈ S ∆ n+1 we have
where u f = z f |∆n = z f •in , f ∈ C(∆ n ), and
On the other hand,
where u g = z g•h , g ∈ C(∆ n+2 ), and
Since h•i n = i n+1 •h, we conclude that the diagram is commutative.
Indeed, for each pint (y, w) ∈ N × B(z f , ǫ) ⊂ N × V f we have |g i (y) − g i (x)| < δ, i = 1, 2, . . . , n by the choice of N. Then we can find z i ∈ B(z g i , ǫ) such that z 2 i = g i (y). Now for arbitrary choice of z g , where g = f, g 1 , g 2 , . . . , g n with z Proof. Let f (x, y) = (−2|x| + 1 − y 2 , y) for all (x, y) ∈ ∆. Then S f is homeomorphic to cylinder S 1 × I.
This completes the proof of Theorem 4.2.
The above construction is carried out word by word for disks of arbitrary dimensions. In particular, applying the above to the one-dimensional disk [−1, 1], we have the following corollary which suggests that a topological characterization of general square root closed compacta could be rather different than the one for first-countable such compacta by [8] and [12] . For an infinite cardinal τ ≥ ω, we consider (I τ ) Ω and the limit projection π Ω : (I τ ) Ω → I τ . By the invertibility property (**) of π : S X → X for arbitrary compactum X and the standard spectral argument, it follows easily that π Ω is also invertible with respect to the class of square root closed compacta. Hence we have 
